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Propagation of interacting force chains in the continuum limit
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We study the effect of mergers in the force chain model describing the stress profile in static granular
materials. Combining numerical and analytical calculations, we show that granular materials do not generally
behave in an elasticlike manner; however, they may under specific conditions, which are elaborated. Nonelastic
behavior resulting from the nonlinearity of the full force chain model is discussed.
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A striking characteristic of stress transmission in granulatthey rearrange when external loads are changed, and they
matter is the network of highly singular lines, termice  have no equilibrium stress-free state with respect to which to
chains along which stress propagafés-4]. This force chain  define a displacement fielgee[9] for a different view on
network reflects the specific packing of the system, which ishese issugs Despite these considerations, the central result
unique for each experiment. Although this leads to signifi-of Ref. [8] was that, in the absence of force chain mergers,
cant fluctuations in stress profiles from experiment to experigranular materials behave in a quasielastic manner on large
ment, the average stress profiles calculated over an ensemidsgth scales. In this article, we argue that the effect of force
of similar experiments seem well defing8]. In particular, chain mergers is to change this: Generally, granular materials
the ensemble average of the response to a small localizetb not behave elastically. The apparent elasticlike behavior
force, theresponse functiof5], is a bell-shaped curve with found in experiment§2,3] is restricted to specific packing
scaling properties similar to that of an elastic response funcgeometries(i.e., isotropi¢ and to specific configurations of
tion [2,3,6,7. It is natural, therefore, to ask whether the av-applied loadgi.e., near isotropic
erage stress in granular materials behaves according to elas- Stress profiles in the FCM may be calculated in three
ticity theory. In this article we address this question withinways, each adapted to a different length scale: Monte Carlo
the context of the force chain modg] (see[9] for a dis-  simulation on small scales; numerical solution of the dis-
cussion of a model of masses linked with linear and nonlincretized model of Ref{10] on intermediate scales; and cal-
ear springs We find significant deviations from elasticity, culation of the constitutive relation of the full FCM on large
except for the case of an isotropic packing with nearly isoscales. We will discuss the latter two methods; the simulation
tropic applied forces. results will be presented if11]. We will show that observed

The recently proposed force chain mo@CM) [8] trans-  deviations from elasticity3] may be understood in the con-
forms the singular behavior of stress in states of a granulagext of the FCM.
material into a continuum theory by averaging over an en- |n the framework of the FCM, a force chain is character-
semble of states. This is done by writing a master equatioived by its intensityf (the pressure exerted on each grain
for the average density of force chains, allowing force chainglong the force chainits directioni (which is determined
to propagate, split, and merdg@,10. Previously, the re- with respect to the applied force on the boundasnd its
sponse function of the FCM was calculated in three differenpositionr. There are four events that involve the creation or
fashions: simulating force chain propagation in smallannihilation of a force chaiff,n} at r [10]: it can split;
quenched disordered medi8]; calculating the constitutive another force chain can split, creating it as one of its off-
relation for granular materials on large scales using apring; it can merge with another and so be annihilated; or
splitting-only variant of the force chain modf8]; and lin-  two other force chains can merge, creating it. This yields a
earizing a specific discretized version of the model around @naster equation for the force chain densky=P(f,d,r)
homogeneous solutiofl0]. The response functions calcu- g 1(:
lated by the first two methods agreed qualitatively with the
experimentally measured responge3], exhibiting a bell- A.VP
shaped peak, while the third method gave a transition from a
single to a double peak at an intermediate length sddip

A priori, there are reasons to expect granular materials to - pr P1ood(foh, — (11, + fA))df,df,
behave nonelastically: They cannot sustain tensile stresses, - =

1 2 o ~ ~
- XP + XJ P1io(finy = (f + f5p))dfydf,

+ gf P1Po@od(fh — (f10y + foNy))dfydf,. (1)
*Present address: Physics Department, New York University, 4
Washington Pl., New York, NY 10003, USA. HereP,=P(f;,1;,r), Q is the force chain widtfi12], \ is the
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splitting mean free path of a force chain, and the functigns
and ¢, are the weights of a splitting/merging evemthich 1t
depend, in principle, on the directioris iy, and ). df;

=df;dny;, and thed functions ensure force balance. Through- o
out this article we will assume that when two force chains © 0.5f
meet, they merge, i.eqy=1. N

Following [8], we define the force chain intensity density ©

F(h,r)=fP(f,n,Nf df and its angular moments 0

o 40 30 20 210 0
Jo(N) = af n,F(A,rdn, 2 X [mfp]

FIG. 1. The response function as calculated with boundary con-
ditions P;=0. The width of the response scales linearly with depth
as seen in the inset, where the response function at various depths is
plotted; the curves are normalized by peak height. @&

T45(F) = aDJ N ngF (A, N dn; (3)

ais the grain size, and the dimension of the systenr, s is
the local stress tens¢t 3] andJ(r) can be thought of as the system of equations iterative[{1]. In Fig. 1, the response to

average force chain current. a normal force as calculated by this model is plotf&#].
In order to gain insight into the mesoscopic scale of stresghe peak is symmetric, as expected. In contrast, the response
profiles in a granular material, we approximate EL, fol- to a tilted force(Fig. 2 shows the pressure profile on a plane

lowing Ref.[10]. We employ the discrete ordinate method normal to the applied forgés asymmetric. The width at half
proposed by Chandrasekhft4] for solving the radiative ~maximum of both functions increases linearly, in accord with
transfer equation. This approximates the integrals in(Ey. the experiments of Refl3]. The bell-shaped peak of the
by sums, by discretizing the directions of force chains agesponse to the normal force is in agreement with the elas-
P(f,ﬁ,r"):E?ZIPi5(f—f*)5(ﬁ—ﬁi) where f=(cos 6;,sin 6), ticlike behavior ascribed to granular materigisee, e.g.,
i=1,...,6, andd,,— 6,=m/3 (with 6;=6,). TheP/s are six ~ [8,16,17). However, the asymmetric response to the tilted
different functions representing the weights of the forceforce deviates from the elasticity predictiphg].

chains propagating in directiorﬁ_ Note that the choice An eXplanat!On for the deviation from E|ast|C|ty of the
6..,— 6:= /3 implies that all forces have the same intensityresponse function to a tilted force can be found in Eg.

f*, in order to satisfy force balance. Substituting this into Eq,which connects the force chain density in one direction with
(1) results in six Coup]ed differential equations for the six that !n any other direction. This means tha.t if all force chains
force chain densitied;. RescalingP,— (1/AQ)P, and f  arriving at the surface are cancel@te grains rearrange to

— /N we arrive at the dimensionless equati¢a] have zero stress at a free surface, for instatiwetotal force
_ chain density will be zero in the vicinity of that surface. For
M- VP ==P;+ P+ Pi_y + Pi1Piy — PioPi — Pi_oP;. an elastic material, however, it is possible to have no strain in

@) the direction perpendicular to the surface and a finite strain
parallel to the surface, since the strain components are inde-
Note that these equations are written for isotropic homogependent. It is noteworthy that this deviation from elasticity is
neous assemblies, since the mean free path is assumed caserved also in the splitting-only version of the force chain
stant. model (see[19]).

In Ref. [10] homogeneous solutions of the forfi®;} One of the fundamental characteristics of the full force
={q,9%,9,97,972,q7%} for any q were considered; however, chain model is its nonlinear natufsee Eqs(1) and(4)]. In
there are others, for examplé?;}={q™*,1,g,q,1,g7*}. In  order to estimate the effect of this nonlinearity we tested
[10], Eq. (4) was solved by linearization around the first

homogeneous solution, and, remarkably, a double peaked re- 03 ‘ 1
sponse was shown to emerge at intermediate depths. It is 0.25 05
important to understand what physical conditions these solu- 0ol 0
tions correspond to. Let us begin by choosawl in either o
of the homogeneous solutions; this means that the force s 01 - X(}Z 1
chain density, and therefore the stress, is uniform throughout. N 017
This represents the case of an isotropic array stressed hydro- 0.05
statically, which is the reference frame for response function
experiments. In the case thqt* 1 we have some predeter- o
mined relation between force chain densities in different di- 008 5 05
rections at the same position which is unphysical for an iso- X [mfp]
tropic material.
Numerical solutions of the descretized model &).were FIG. 2. The response of a granular assembly to a force tilted 60°

obtained using a second order accurate finite-difference apvith respect to the free surface. Inset: Stress normalized by peak
proximation and solving the resulting nonlinear algebraicheight, showing linear scaling with depth. Sd&.
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15,2107 p5x 107 Top = AB(P)V - 38,5+ Jol — C(A) - I(F) 8,5 — DAY I 5
] + () (1) o] (7)

where (n)=[AP(f,A,Ndf, J,z=1/2(d,dp+3p,), and

0 _40 —30 20 whose constanté,C,D are determined by the specifics of
(a) x [mfp] (b) x [mfp] the granular packing. The functid(¢) depends as well on
the force chain density(r) = [P(f,n,r)df [11].

FIG. 3. A comparison between the response to two forces ap- For nearlv homoaeneous and isotropic svstems. the terms
plied simultaneouslydashed ling and applied separatel§solid y 9 pIC Sy !

line). (a) The forces are applied close to each otifby;the forces  that are products af and(fn) are smaller than terms linear in

are applied at a distance. Lack of superposition obtaingdiobut  j_ | they may be ignored, the constitutive relation reduces to
not for (b). See[15].

superposition by comparing the response to two different
perturbations, first applied simultaneously and then applied
separately. Figure(d) presents the response to two forces
applied close to one another, and Figo)3wo forces applied _ o ) o
further apart. It is clear that while the effect of force chain This equation is formally equivalent to the constitutive rela-
interaction is significant in the former case, it is negligible intion of conventional elasticity18]. Therefore, we can define
the latter. two pseudoelastic moduli: the pseudo—Poisson ratio
While these results are suggestive, the discretized modeiB/(1+2B) and the pseudo-Young modulis=A(1+v).
gives incomplete understanding because all forces in the sy§hese depend not only on the geometry of the pile, but also
tem are equal. Thus, to better our understanding of the effectn position through the force chain densiyr). Therefore,
of force chain mergers we calculated the constitutive relatiorthe pseudoelastic behavior obtains only for nearly homog-
on the macroscopic scale by calculating angular moments @&nous systems.

Toap=AB(P)V 38,5+ Jugl. (8)

Eq. (1), in the spirit of Ref.[8]. Multiplying Eq. (1) by fi Generally speaking, the constitutive relations calculated

and integrating ovefi we arrive at the force balance equa- by the force chain mod€¢Eq. (7)] are different from those of

tion conventional elasticity; in particular, they are nonlinear. This
. R nonlinearity is somewhat subtle, and holds for the ensemble
V.o=F, averaged stresses. For a given packing, which does not

R change upon application of external forces, it is clear that
whereF, is an external body force. In order to calculate thesuperposition must hold, since the grain-scale equations of
second moment of Eql), one has to compute the integral force balance are linear. Consider, however, the ensemble

of stress states which are consistent with a given set of
I = f P1P,f,Npeod(fit = (f10y + fohy))dfdfydf,. external forcegF,}. We believe that this ensemble is statis-
- = = tically different from that ensemble which is compatible
with a different set of external forcefF,}, even if {F;}
and{F,} are very similar. Physically, this is reflected in the
fragility [24] of the material: rearrangements occur when
Ihe external conditions are changed. Thus, the FCM pre-
Qicts that if an ensemble averaged stress field is measured,
then granular materials will exhibit nonlinearity in its
response.
f,= froot O, In this article we have dealt mainly with the ensemble
average of the stress profile in granular materials. However,
_ the singularity of the force chains and the wide distribution
f2= fmaxt of ®) of force chain intensity measurét] suggest that it might be

and neglect terms with high orders &f in I. Moreover, we  interesting to study force fluctuations, and the effect of fric-

assume near isotropy, by expandi&,f) in spherical har- tion, in the framework of the FCM. As in Ref§8,10, the
monics and keeping only the terms existence of force chains, in the sense of a reasonably

straight line of grains in contact, was assumed. It remains to
. . > D+2_ _ . be seen under what conditions this assumption is reasonable.
aF(n,f)=p+Dh-J+ 5, nroen (6) e expect that for very hard grairigore precisely, small
stresses compared to the grain compressibijlfyrce chains
where o is the traceless part of the stress tensor @nd will exist. If this is the case, the effect of friction would be to
=(1/D)Tr{o} is the pressure. This gives a constitutive rela-change the details of the packing obtained, such as the scat-
tion [11] tering mean free path and persistence length, but not under

It has been shown both in experimefi20-22 and in simu-
lations [23] that the probability distribution of force$(f),
has a maximum, and decays exponentially for larger force
Thus, we approximate the above integral by considerin
small deviations of; andf, from the intensityf,,,,xat which
the P(f) is maximal. That is, we write
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